In the present paper, the semi-commutative differential oparators associated with the 1-dimensional Dirac operator are constructed. Using this results, the hierarchy of the mKdV (−) polynomials are expressed in terms of the KdV polynomials. These formulas give a new interpretation of the classical Darboux transformation and the Miura transformation. Moreover, the recursion operator associated with the hierarchy of the mKdV (−) polynomials is constructed by the algebraic method.
Introduction

A
The main purpose of the present paper 1 is to construct the semi-commutative differential operators associated with the 1-dimensional Dirac operator
where the potential is the infinitely differentiable function. Define the 1st order ordinary differential operartors by (2) then, the oprtator is expressed as
Note that the variable x can be regarded as both real or complex throughout the paper.
The differential operators A, B are said to be semi- 
are well known for the differential operator
are the KdV polynomials which will be explained precisely in Section 2.
On the other hand, in [1] , R. M. Miura discovered the following interesting fact; if solves the mKdV (−) equation
then both functions defined by
solve the KdV equation
where the subscript denotes the partial differentiation. The transformation defined by (7) is the Miura transformation which plays the crucial role in the soliton theory. By (7), we have immediately the relation
The transformation   defined by (9) is nothing but the Darboux transformation. Using the KdV polynomial, the relation (9) can be expressed as 
As a result, we obtain the new formulation of the stationary mKdV (−) hierarchy.
In our previous works [2, 3] , it is clarified that the semi-commutative operators and Darboux transformation are deeply related to the spectral theory of the differential operator
geometric. The aim of our work is to extend these results concerned with the 1-dimensional Schrödinger operator
. The present work can be regarded as the first step of it. By applying the results of the present paper, we can obtain the various transformation formulas concerned with the algebro-geometric elliptic potential. These results will be reported in the forthcoming paper.
The contents of the present paper are as follows. In Section 2, we explain the fundamental materials which are necessary for the present work. In Section 3, calculation of the commutator of the Dirac operator and the differential operator constructed from the semi-commutative operator of the KdV hierarchy is carried out, and the main theorem of the present paper is stated. Section 4 is devoted to the proof of the main theorem. In Section 5, we construct the recursion operator associated with the mKdV hierarchy.
Preliminaries
The KdV polynomials n Z u are differential polynomials defined by the recurrence relation
with the condition 0 , where is the formal pseudo-differential operator defined by
turn out to be the differential polynomials in
. For examples, we have
depends also on the time variable t, then the evolution equation 
. Thus we have where
One immediately verifies the identities
Define the multi-component operator by
By (13), one can show immediately the operator identity
On the other hand, define the multi-component differential operator
Then, by (5), (14), and (16), we have immediately 
respectively. By direct calculation, we have immediately
By the definition (6) of the operator A u , we have immediately 
where we used the identity
where The identity (22) is derived in [4] , and is called the fundamental identity of the Darboux transformation in it, By the fundamental identity (22), we have immediately
then we can express the identity (21) in terms of
, one verifies easily
Thus, for 
hold for all n. Moreover, if we denote them as Secondly, for 1 n , we assume that 
